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Parallel Adaptive Finite Element Euler
Flow Solver for Rotary Wing Aerodynamics

Carlo L. Bottasso¤ and Mark S. Shephard²

Rensselaer Polytechnic Institute, Troy, New York 12180

We discuss the development of a code for the automated reliable numerical simulation of rotor aerodynamics.

The code performs all the stages of the analysisÐ ® nite element solution, error indication, mesh adaptationÐin a
parallel multiple-instruction/multiple-data environment making use of ef® cient scalable parallel algorithms. The

main features of all the building blocks of the implemented approach are detailed and discussed. The capabilities
and performance characteristics of the parallel automated adaptive procedure are demonstrated with regard to

subsonic and transonic compressible ¯ ow problems. In particular, different hovering rotor problems are analyzed,
and the results are compared with experimental data showing good agreement.

Introduction

T HE aim of this paper is to present an adaptive procedure that
the authors have recently developed for the automatedaerody-

namic analysis of helicopter rotors. Adaptive analyses on unstruc-
tured discretizations represent an effective and accurate method to
address complex physical phenomena, such as those that charac-
terize rotorcraft systems. The problem of the accurate numerical
simulation of these phenomena has recently stimulated a vigorous
research effort in the scienti® c community, certainly prompted by
the fact that rotor-body interactions,transonic effects, wake effects,
and blade stall all have a major impact on the performance,stability,
and noise characteristicsof helicopter rotors.

Such numerical simulations imply massive computations. Dis-
tributedmemory parallelcomputershave recentlybeen successfully
employed for large-scale analysis of ¯ uid ¯ ows.1, 2 These comput-
ers seem to offer the potential for satisfying the demands of high
performance as well as providing large memories.

The effective use of the computational power of high-perfor-
mance multiple-instruction/multiple-data (MIMD) machines re-
quires the development of suitable techniques and implies a ma-
jor restructuring of existing codes. It is then perfectly clear that
the cost-effective use of this new generation of computers requires
the development of software tools of general applicability. In this
work we report the development of a parallel adaptive code for
rotating wing analysis that we have completed using a number of
ef® cient software tools and algorithms for the parallel automated
adaptive solution of partial differential equations (PDEs) on dis-
tributedmemory computers that we and our RensselaerPolytechnic
Institute colleagueshave recentlydeveloped.3, 4 Research efforts on
parallel adaptive techniquesare also reported in the recent literature
(see, for example, Refs. 5±7).

One of the most important characteristicsand distinguishingfea-
tures of the software here presented is that all the differentphases of
the analysisÐnamely, the mesh partitioning, the ® nite element so-
lution, the error indication, the mesh adaptation,and the subsequent
load balancingÐare realized without leaving the parallel environ-
ment. In contrastwith other proceduresthat performonly part of the
analysis in parallel, as for example just the ® nite element solution
phase, our approach has the advantageof making a better use of the
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power of a distributedmemory architecture,leading to an integrated
software environment, reducing the input/output, and avoiding the
bottlenecks that are always present when one tries to solve certain
phases of the analysis in serial, especiallywhen very largeproblems
are addressed.

This integratedapproachto the paralleladaptivesolutionof PDEs
has lead us to select the message passing paradigm as our method
of choice for the parallel programming. This is in contrast with the
trend shown by some recent publications,1 , 2 , 8 where parallel ® nite
element methodologieson ® xed meshes have been developedbased
on data parallel techniques.In fact, we believe that the software de-
velopment is more easily accomplished in a message passing pro-
gramming model when one has to deal with adaptive strategies and
mesh modi® cation techniques. With the idea of developing a uni-
form softwareenvironment,we have used portablemessagepassing
protocolsin each stageof the analysis.The implementationhas been
carriedoutusingthemessagepassinglibrarystandardmessagepass-
ing interface, and it has been tested on IBM SP-1 and SP-2 systems.

In the ® rst section of this work, we present a stabilized ® nite el-
ement formulation that is valid for forward ¯ ight and for hovering
rotor problems, as well as for general unsteady and steady com-
pressible ¯ ow problems. The linear algebra is solved by means of a
scalable implementationof the standardand matrix-freegeneralized
minimal residual (GMRES) algorithms.Simple techniquesare used
for estimating regions of high error with the purpose of driving the
adaptive procedures.

The second section brie¯ y reviews the parallel mesh data struc-
tures that we have developed, the partitioning of the discretized
computationaldomain, and the parallel adaptation of the mesh.

A third section is devoted to the discussionof the treatment of the
far-® eld and symmetry boundary conditions for a hovering rotor,
which are fundamental for an accurate and ef® cient analysis of this
class of problems.

The paper is concluded by a section dedicated to the analysis of
the results gatheredduring a number of numerical experiments.The
aim is here twofold: ® rst, we show that using an adaptive method-
ology we can accuratelynumericallysimulate complex engineering
problems, such as the development of shock waves on the blades
of hovering rotors in transonic conditions. Second, we address the
problem of giving measures of ef® ciency and scalability of the par-
allel adaptive procedures that we have developed, making use of a
classicalproblemin transoniccomputational¯ uid dynamics (CFD).

Finite Element Formulation
The initial/boundary-value problem can be expressed by means

of the Euler equations in quasilinear form as

U, t + Ai ¢ U, i = E, (i = 1, . . . , nsd) (1)

plus well-posed initial and boundary conditions. In Eq. (1), nsd is
the number of space dimensions, whereas U = q (1, u1, u2, u3, e)

937
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are the conservative variables, Ai ¢ U, i = Fi, i , where Fi = q ui (1,
u1, u2, u3, e) + p(0, d 1i , d 2i , d 3i , u i ) is the Euler ¯ ux, and E =
q (0, b1, b2, b3, bi u i + r) is the source vector; q is the density,
u = (u1 , u2 , u3) is the velocity vector, e is the total energy, p is
the pressure, d i j is the Kroneckerdelta, b = (b1 , b2 , b3) is the body
force vector per unit mass, and r is the heat supply per unit mass.

The time-discontinuous Galerkin least-squares (TDG/LS) ® nite
element method is used in this effort.9 The TDG/LS is developed
starting from the symmetric form of the Euler equations expressed
in terms of the entropy variables V, and it is based upon the simul-
taneous discretization of the space±time computational domain. A
least-squaresoperator and a discontinuitycapturing term are added
to the formulation for improving stability without sacri® cing accu-
racy. The TDG/LS ® nite element method takes the form

*
Qn

[¡ Wh
, t ¢ U(Vh) ¡ Wh

, i ¢ Fi (V
h ) + Wh ¢ E(Vh )]dQ

+ *
D(tn + 1 )

Wh ¡ ¢ U(Vh ¡ ) dD¡ *
D(tn )

Wh+

¢ U(Vh ¡ ) dD

+ *
Pn

Wh Fi (V
h ) ¢ dP +

(nel)n

Se = 1
*

Qe
n

(LWh) ¢ s (LVh) dQ

+
(nel )n

Se = 1
*

Q e
n

m h Ãr n Wh ¢ diag [ ÄA0] Ãr n Vh dQ = 0 (2)

Integration is performed over the space±time slab Qn , the evolving
spatial domainD(t ) of boundary C (t), and the surface Pn described
by C (t ) as it traverses the time interval In = ]tn , tn + 1[. The terms
Wh and Vh are suitable spaces for test and trial functions, whereas
s and m h are appropriate stabilization parameters. The term ÄA0 =
@U/ @V is the metric tensor of the transformationfrom conservation
to entropy variables. Refer to Ref. 9 for additional details on the
TDG/LS ® nite element formulation.

We have implemented two different three-dimensional space±
time ® nite elements. The ® rst is based on a constant in time inter-
polation, and having low order of time accuracy but good stability
properties, it is well suited for solving steady problems using a lo-
cal time-stepping strategy. The second makes use of linear-in-time
basis functions and, exhibiting a higher-order temporal accuracy, is
well suited for addressingunsteadyproblems, such as, for example,
forward ¯ ight. In these cases, moving boundaries are handled by
means of the space±time deforming element technique.10

For ef® ciently solving hover problems we have also developed a
formulation starting from the Euler equations written in a rotating
frame. This allows us to treat a hovering rotor as a steady problem,
assuming that the unsteadiness in the wake can be neglected, thus
allowing the use of the less computationallyexpensive constant-in-
time formulation.

Assuming that the axis of rotation is coincident with the z axis
and that the angular velocity is X , the compressibleEuler equations
in a rotating frame can be expressed in terms of the absolute ¯ ow
variables U as

U, t + (Ai ¡ vi I) ¢ U, i = E + EG (3)

where v1 = ¡ X y, v2 = X x, v3 = 0, and EG can be de® ned as

EG = CU =

é
êêêêêë

0 0 0 0 0

0 0 X 0 0

0 ¡ X 0 0 0

0 0 0 0 0

0 0 0 0 0

ùúúúúúû
U

or, in terms of entropy variables, EG = ÄCV, ÄC = ¡ q T C. Clearly,
by the nature of the gyroscopic terms, we have that CT = ¡ C.

We remark that the rotatingframe formulationof thecompressible
Euler equationsin termsof absolute¯ owvariablesis formallyequiv-
alent to a change of variables (modi® cation of the Jacobians Ai into
Ai ¡ vi I) plus the introduction of a source term EG .

From the formulation expressed in Eq. (3), a TDG/LS ® nite ele-
ment formulationcan be easily constructedalong the linesofEq. (2).

In an inertial frame, a de® nition of s that results in full upwinding
on each mode of the system is given by

s = ÄA ¡ 1
0 [ÃAT

n diag( ÄA ¡ 1
0

) ÃA n ÄA ¡ 1
0 ]¡ 1

2 (4)

where

ÃA n = ( @n 0

@x0

ÄA0 ,
@n 1

@xi

ÄAi , . . . ,
@n nsd

@xi

ÄAi )
and n i are the local element coordinates, and x0 and n 0 refer to the
time dimension. In a rotating frame, we rede® ne ÃA n as

ÃA n = [ ÄC,
@n 0

@x0

ÄA0,
@n 1

@xi

( ÄAi ¡ vi
ÄA0), . . . ,

@n nsd

@xi

( ÄAi ¡ vi
ÄA0)]

The solution to Eq. (4) can be obtained based on the eigenproblem

[ÃAT
n diag( ÄA ¡ 1

0
) ÃA n ¡ k 2 ÄA ¡ 1

0 ] ¢ Ti = 0 (5)

The eigenproblem is simpli® ed by means of a similarity transfor-
mation S that diagonalizesA1 and A2 and symmetrizesA3 (Ref. 11).
However, the term arising from EG remainsnonsymmetric.We have
implementedboth the nonsymmetricand a symmetricformobtained
by droppingthe contributionof EG from Eq. (5) and have found that,
for the hovering rotors that we have studied in our numerical sim-
ulations, the symmetric form gives results indistinguishable from
those of the nonsymmetric form at a lower computational cost.

Discretization of the weak form implied by the TDG/LS method
leads to a nonlineardiscrete problem, which is solved iterativelyus-
ing a quasi-Newtonapproach.At each Newton iteration, a nonsym-
metric linear system of equations is solved using the GMRES algo-
rithm. We have developed scalable parallel implementations of the
preconditionedGMRES algorithm and of its matrix-free version.1

This latter algorithm approximates the matrix-vectorproducts with
a ® nite difference stencil with the advantageof avoiding the storage
of the tangentmatrix, thus realizinga substantialsavingof computer
memory at the cost of additional on-processor computations. Pre-
conditioningis achievedby means of a nodalblock-diagonalscaling
transformation.

In this work we have implemented a simple error indicatorbased
on the norm of the gradient of the ¯ ow variablesand a slightly more
sophisticatedone12 for linear elements that takes the basic form

ei =
h2 j Second Derivative of W j

hj First Derivative of W j + e j Mean Value of W j
(6)

whereei is the error indicatedat node i , h is a mesh sizeparameter, W
is the solutionvariablebeingmonitored,and e is a tuning parameter.
The second derivativeof W is computedusing a variationalrecovery
technique.

The edge values of the error indicator are computedby averaging
the correspondingtwo nodal values. These edgewise error indicator
values are then used for driving the mesh adaptation procedure.
Appropriate thresholds are supplied for the error values, so that the
edge is re® ned if the error is higher than the maximum threshold,
whereastheedge is collapsedif theerror is the less than theminimum
threshold.

Parallel Mesh Data Structures, Mesh Partitioning,
Load Balancing, and Mesh Adaptive Procedures

The parallel mesh data structures developed at Rensselaer Poly-
technic Institutefor supportingthe solutionofPDEs, thepartitioning
of the discretizedcomputationaldomain, and the paralleladaptation
of it have been discussed in Refs. 3, 4, and 13. In the following, we
brie¯ y mention the most important characteristicsand ideas behind
the implemented approaches.

The datastructuresused in a paralleladaptive ® nite elementsolver
must provide fast query and update of partition boundary informa-
tion. Besides the queries, update procedures must be available to
the re® nement/coarsening and load balancing components of the
parallel ® nite element solver. Ef® cient computation requires that
updated entities be inserted or deleted from the partition boundary
within constant time or, at most, time proportional to the number
of adjacent processors. To implement these fast query and update
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routines, we have made use of a topological entity hierarchy data
structure,13 which provides a two-way link between the mesh en-
tities of consecutive order, i.e., regions, faces, edges, and vertices.
From this hierarchy, any entity adjacency relationship can be de-
rived by local traversals. The entities on the partition boundary are
augmentedwith links that point to the locationof the corresponding
entity on the neighboringprocessor.This data structure is shared by
all the buildingblocks of the codeÐ ¯ ow solver, adaptation,balanc-
ing and partitioning algorithmsÐachieving in this way a uniform
software environment.

The parallel adaptive analysis begins with the partitioning of the
initial mesh that is performed using the orthogonal recursive bisec-
tion (RB) algorithm or its variant,moment of inertia RB (IRB). The
whole mesh is ® rst loaded into one processor and then recursively
split in half and sent to other processors in parallel.

The mesh is then adapted based on the information provided by
the error indication performed on the converged ® nite element so-
lution. The mesh adaptive algorithm combines coarsening, re® ne-
ment, and triangulation optimization using local retriangulations.4

The coarsening step is based on an edge collapsing technique.This
approachdoes not require storage of any history information, and it
is therefore not dependent on the re® nement procedure.

The implemented re® nement algorithmmakes use of subdivision
patterns.All possiblesubdivisionpatternshavebeen consideredand
implemented to allow for speed and eliminate possible overre® ne-
ment.

The adaptiveprocedurealso includesa triangulationoptimization
scheme, which is particularly important when the snapping of re-
® nement verticeson curved model boundariescan potentiallycreate
invalid or poorlyshaped elements.The idea is to iterativelyconsider
the local retriangulationof simple and well-de® ned polyhedra.

As with all of the other buildingblocksof the codediscussedhere,
the mesh adaptation algorithm has been completely parallelized.4

In a parallel distributed memory environment, adaptivity per-
formed on the mesh in general destroys load balancing. Therefore
procedures are needed to redistribute the mesh to achieve a bal-
anced situation. With regard to this problem, we have implemented
two techniques. The ® rst performs a parallel repartition of an al-
ready distributed mesh using the IRB algorithm.4 The second is a
load balancingscheme that iterativelymigrates elements fromheav-
ily loaded to less loaded processors.3 To decide which processors
should be involved in load migration, we use a heuristic based on
the Leiss and Reddy approach14 of letting each processor request
load from a heavily loaded neighbor to even out the load imbal-
ance. Once the directions of load migration have been calculated,
the elements on the partition boundary are migrated slice by slice,
each slice of elements forming a peeling of the partition boundary.

Both these techniquespresentinterestingcharacteristics,andeach
one has its own advantages and disadvantages. We are currently in
the process of evaluating these two approaches, as well as imple-
menting improved migration techniquesfor achievingbetter quality
of the partitions.

Boundary Conditions for Hovering Rotors
The imposition of the correct far-® eld boundary conditions is a

critical issue in the analysis of hovering rotors, when one wants to
give an accurate representation of the hovering conditions within
a ® nite computational domain. For determining the in¯ ow/out¯ ow
far-® eld conditions,we have adopted the methodologysuggested in
Ref. 15, where the one-dimensionalhelicoptermomentum theory is
used for determining the out¯ ow velocitydue to the rotor wake sys-
tem. The in¯ ow velocitiesat the remainingportionof the far ® eld are
determinedconsideringthe rotor as a point sink of mass, for achiev-
ing conservationof mass and momentum within the computational
domain.

Another important condition that must be considered for the ef® -
cient simulationof hovering rotors is the periodicityof the ¯ ow® eld.
This allows us to consider a reduced computational domain given
by the angleof periodicity w = 2 p / nb , nb being the numberof rotor
blades.

The introduction of the periodicity conditions in the rotating
wing ¯ ow solver has been implemented treating them as linear two-
point constraints applied via transformationas part of the assembly

process.This approachhas the doubleadvantageof beingeasilypar-
allelizableand of avoidingthe introductionof Lagrangemultipliers.
On the other hand, it requires the mesh discretizations on the two
symmetric faces of the computational domain to match on a ver-
tex by vertex basis. Because this is not directly obtainable with the
currently used unstructuredmesh generator, a mesh matching tech-
nique has been developed for appropriately modifying an existing
discretization.

To simplify the discussion, de® ne one of the symmetric model
faces as master and the other as slave. The face discretization of
the slave model face is deleted from the mesh, together with all
the mesh entities connected to it. The mesh discretization of the
master model face is then rotated of the symmetry angle w about
the axis of rotation and copied onto the slave model face, yielding
the required matching face discretizations.The matching procedure
is then completed, ® lling the gap between the new discretized slave
face and the restof themesh usinga face removal techniquefollowed
by smoothing and mesh optimization.

The impositionof the constraintscan be formalized in the follow-
ing manner. Consider the partition of the unknowns V in internal
(Vi ), master (Vm ), and slave (Vs ), as

V = (Vi , Vm , Vs )

The slave unknowns Vs can be expressed symbolically as functions
of the master unknowns Vm as

Vs = G ¢ Vm

or, for the j th master±slave pair of nodes, as

V j
s = G j ¢ V j

m

where

G j = é
êë

1 0 0

0 R 0

0 0 1

ùúû
where R is the rotation tensor associated with the rotation of the
symmetry angle w about the axis of rotation.

The minimal set of unknowns ÅV = (Vi , Vm) is related to the
redundant set V by

V = C ¢ ÅV = é
êë

I 0

0 I

0 G

ùúû
¢ ÅV

The unconstrained linearized discrete equations of motion read

J ¢ D V = r

where J is the tangent matrix and r is the residual vector. Applying
the transformation C to the unconstrained system yields the con-
strained reduced system

C T J C ¢ D ÅV = C T ¢ r (7)

Refer to Ref. 16 for implementational details of this technique.

Numerical Experiments
In this section we present results gathered during a number of

numerical experiments.The goal is to show the effectivenessof the
proposed parallel adaptive automated procedure, both in terms of
quality of the aerodynamic data and in terms of numerical perfor-
mance.

Subsonic and Transonic Hovering Rotors
Caradonna and Tung17 have experimentally investigateda model

helicopter rotor in several subsonic and transonic hovering con-
ditions. These experimental tests have been extensively used for
validating CFD codes for rotating wing analysis. The experimen-
tal setup was composed of a two-bladed rotor mounted on a tall
column containing the drive shaft. The blades had rectangularplan-
form, square tips, and no twist or taper, made use of NACA 0012
airfoil sections, and had an aspect ratio equal to 6.
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µc = 0 deg and Mt = 0.520

µc = 5 deg and Mt = 0.434

µc = 8 deg and Mt = 0.439

Fig. 1 Computed and experimental pressure coef® cients on the blade at different span locations for the three subsonic cases.

Figure 1 shows the experimental and numerical values of the
pressure coef® cients at different span locations for three subsonic
test cases investigated by Caradonna and Tung,17 namely, h c = 0
deg and Mt = 0.520, h c = 5 deg and Mt = 0.434, and h c = 8 deg and
Mt = 0.439. The agreementwith the experimentaldata is goodat all
locations, including the section close to the tip. Only two pressure
distributionsare presentedfor each case for space limitations; how-
ever, similar correlation with the experimental data was observed
at all the available locations. Relatively crude meshes have been
employed for all three test cases, with the coarsest mesh of only
101,000 tetrahedra being used for the h c = 0 deg case and the ® nest
mesh of 152,867 tetrahedra for the h c = 8 deg test problem.

The analysis was performed on 32 processing nodes of an IBM
SP-2. Reduced integration was used for the interior elements for
lowering the computationalcost, whereas full integration was used
at the boundary elements for better resolution of the airloads, espe-
cially at the trailing edge of the blade. The GMRES algorithm with
block-diagonalpreconditioningwas employed, yielding an average
number of GMRES iterations to convergenceof about 10. The anal-
ysis was advanced in time using one single Newton iteration per
time step and a local time-stepping strategy denoted by Courant±
Friedrichs±Lewy (CFL) numbers ranging from 10 at the beginning
of the simulation to 20 toward convergence,yielding a reduction in
the energy norm of the residual of almost four orders of magnitude
in 50±60 time steps. The symmetric form of the least-squares sta-
bilization was employed, and the discontinuity capturing operator
was not activated.The average wall clock time per time step for the
® nest mesh was equal to about 15 s.

Figure 2 shows the experimental and numerical values of the
pressure coef® cients for a transoniccase denotedby h c = 8 deg and

Mt = 0.877. The ® rst two plots of Fig. 2 present the pressure dis-
tributions obtained using an initial crude grid consistingof 142,193
tetrahedra. Three levels of adaptivity were applied to this grid to
obtain a sharper resolution of the tip shock, yielding a ® nal mesh
characterizedby 262,556 tetrahedra.The pressure distributions ob-
tained with the adapted grid are shown in the third and fourth plots.
Note that the smearing present in the ® rst two plots and due to the
numerical viscosity introduced in the formulation with the purpose
of stabilizing it has disappeared. Consistent with the nature of the
Euler equations,the shocksappearas jumps and are resolvedin only
one or two elements. Note also the appearance of the analytically
predicted overshoot just aft of the shock, which is typical of the
transonic Euler solutions.

The effect of the adaptation of the mesh on the resolution of the
shock is clearlydemonstratedin Fig. 3, where the density isocontour
plots at the upper tip surfaceare presentedfor the initial and adapted
meshes.The effectnotedin Fig. 2 canbemore fullyappreciatedhere.

The parallel adaptive analysis was conducted on 32 processing
nodes with the GMRES algorithm, using once again reduced inte-
gration for the interior elements and full integration at the bound-
ary elements. The symmetric form of the least-squaresstabilization
was employed, together with the discontinuity capturing term for
improved shock con® nement. After partitioningof the initial coarse
mesh using the IRB algorithm, the simulationwas performed for 60
implicit time steps with CFL condition equal to 10 in the initial 20
steps and equal to 15 for the remaining steps. The results gathered
at convergence were used for computing an error indicator based
on density and Mach number, which was employed for driving the
parallel adaptation of the mesh. For the new vertices created by the
adaptationprocess,the solutionwas projectedfrom thecoarsermesh
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Initial coarse 142,193-tetrahedrongrid

Adapted (three levels) ® nal 262,556-tetrahedron grid

Fig. 2 Computed and experimental pressure coef® cients on the blade, at two different span locations close to the tip, µc = 8 deg and Mt = 0.877.

Initial coarse grid Final adapted grid

Fig. 3 Density isocontour plots on the upper surface of the blade tip,
µc = 8 deg and Mt = 0.877.

using simple edge interpolation. The solution obtained in this way
was used for restartingthe analysis,which was advancedfor 60 time
steps with a CFL number of 15. Similarly, a second adaptation was
performed, yielding the ® nal mesh for which another 40 time steps
were performed at a CFL of 20, until convergence in the energy
norm of the residual. The average number of GMRES cycles per
time step throughout the analysis was 8. The whole analysis took
about 3400 s of wall clock time.

Figure 4 shows the mesh at the upper face of the blade tip, before
and after re® nement. The different grey levels indicate the different
subdomains; i.e., elements assigned to the same processing node
are denoted by the same level of grey, and the thicker lines denote
subdomainboundaries.Note the changein the shapeof thepartitions
from the initial to the ® nal mesh, change generated by the mesh
migration procedure for rebalancing the load after the re® nement

Initial coarse grid with IRB
partitions

Final adapted grid with
partitions obtained by
migration

Fig. 4 Meshes with partitions on the upper surface of the blade tip,
µc = 8 deg and Mt = 0.877.

procedure has modi® ed the discretization.Note also how the mesh
nicely follows the shock.

Parallel-Adaptive Performance Results

The evaluation of the ef® ciency and performance of a parallel
adaptiveanalysis is a task complicatedby the numerousaspects that
must be considered. In the following we will try to address at least
some of them with the help of a classical problem in CFD, namely
that of the ONERA M6 wing in transonic ¯ ight, which we have
used in the early stages of development of our code for validation
purposes.This winghasbeen studiedexperimentallybySchmitt and
Charpin,18 and it has been employed by numerous researchers for
validating both structured and unstructured ¯ ow solvers. The wing
is characterized by an aspect ratio of 3.8, a leading-edge sweep
angle of 30 deg, and a taper ratio of 0.56. The airfoil section is an
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Fig. 5 ONERA M6 wing in transonic ¯ ight, ® = 3.06 deg and M = 0.8395. Density isocontour plots for the initial and ® nal meshes.

Fig. 6 ONERA M6 wing in transonic ¯ ight,® = 3.06 deg and M = 0.8395. Initial and ® nal meshes. Different gray levels indicate processor assignment
(iterative load balancing partitions).

ONERA D symmetric section with 10% maximum thickness-to-
cord ratio.

We consider a steady ¯ ow problem characterized by an angle of
attack a = 3.06 deg and a value of M = 0.8395 for the freestream
Mach number. In such conditions, the ¯ ow pattern around the wing
is characterizedbya complicateddouble-lambdashockon theupper
surface of the wing with two triple points.

The problem was adaptively solved to resolve the complicated
featuresof the ¯ ow. An initial coarse mesh of 85,567 tetrahedrawas
partitioned with the IRB algorithm on 32 processing nodes, and
the analysis was carried on to convergenceas previously explained.
The results obtained were then used for computing an error indica-
tor based on density and Mach number, which was employed for
performinga ® rst level of re® nement, bringing the mesh to 131,000
tetrahedra. The solution was projected on the new vertices using a
simple edge interpolation technique, and the analysis was then per-
formed on the re® ned mesh for 80 time steps at a CFL number of
10. Similarly, another two levels of re® nement followed by subse-
quent analysis were performed, obtaining an intermediate 223,499-
tetrahedron mesh and a ® nal 388,837-tetrahedronmesh.

Figure 5 shows the density isocontour plots on the upper sur-
face of the wing corresponding to the initial and the ® nal mesh
discretizations.Note that the forward shock is barely visible in the
results obtained with the initial coarse mesh, the aft shock presents
signi® cant smearing, and the lambda shock located at the tip of the
wing is not resolved.As expected,considerableimprovement in the
resolution of the shocks can be observed when mesh adaptation is
employed.

Figure 6 shows the initial and ® nal meshes.For the ® nal mesh, the
partitionsshown are thoseobtainedwith the iterative load balancing
algorithm.

The fact that the analysis is conducted in parallel does not mod-
ify the convergencecharacteristicsof a classical h re® nement tech-
nique, such as the one here considered. However, while in a serial
environmentessentiallyonly the accuracyof the solutionvs the size
of the problem and its computational cost enter into the picture,
in a parallel environment other factors must be considered. In par-

ticular, we consider here the evolution during the analysis of two
fundamentalparameters:1) the surface-to-volumeratio for the sub-
domains and 2) the number of neighbors of each subdomain. The
® rst of these two parameters essentially dominates the volume of
communication in terms of the size of the messages to exchange,
whereas the second parameter dominates the number of messages
that each processor must send and receive.

It is well known that certain classes of partitioning algorithms,
such as the spectral bisection method, produce very-high-quality
partitions. However, the cost associated with spectrally bisecting
increasingly larger meshes during an adaptive analysis would be
prohibitive. Therefore in this work we consider two relatively low
cost approaches to the problem: the previously mentioned parallel
IRB repartitioningand the iterative load migration scheme. The to-
tal cost of both algorithms is O[n/ n p ¢ log(n/ n p) ¢ log n p], where
n is the number of mesh regions in the mesh and n p is the number
of processors. The performance characteristics of the parallel IRB
algorithm are discussed in Ref. 4 and those of the multiple mesh
migration in Ref. 19. The two approaches are compared in Ref. 20.

Two distinct runs were made, the only difference between them
beingthe repartitioningstrategyadopted.In bothcases,all the stages
of the analysisÐinitial IRB partitioning, ¯ ow solution, error sens-
ing, adaptationand load balancingÐwere performed automatically
in parallel on 32 processing nodes, i.e., without ever leaving the
parallel environment. The load balancing algorithm was activated
three times during the adaptation of each of the meshes: after the
re® nement, after the snapping of the newly generated vertices to
the curved boundariesof the model, and after the local retriangula-
tion. (We remark that in the current implementation, snapping can
also cause load imbalance because it makes use of local triangu-
lation.) At every call, the algorithm was requested to perform only
approximatelyeightmigrationiterations,yieldinga maximumoutof
balancenumber of elements per processingnode equal to one at the
end of each re® nement level.This strategyallowsbetter ef® ciencyof
the various stages of the adaptive algorithm that can then operate on
balanced or nearly balanced meshes. This incremental rebalancing
capability represents an advantage of the iterative load balancing
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Fig. 7 Boundary faces and neighbor statistics for the parallel-adaptiveanalysis of the ONERA M6 wing in transonic ¯ ight using the mesh migration
and IRB rebalancing schemes.

scheme over other algorithms. The parallel repartitioningalgorithm
was instead activated just once at the end of each adaptive step.

The meshes obtained during the two previouslymentionedparal-
lel adaptive simulationsof the ONERA M6 wing were analyzed for
gathering data on the overall performance of the analysis. Figure 7
reportsplotsof the boundaryfaces andneighborstatistics.The quan-
tities plotted are de® ned as follows.

1) Surface-to-volumemeasures:

Smax = max
i ( boundary facesi

facesi
)

Sglob =
boundary faces

faces

2) Neighbor measures:

Nmax = max
i ( neighborsi

n p ¡ 1 )
Navrg = S i neighborsi / (n p ¡ 1)

n p

All of thesequantitiesare reportedin Fig. 7 vs the numberof tetrahe-
dra in the mesh at a certain adaptive level normalizedby the number
of tetrahedra in the initial mesh. The solid line represents the values
of the parameters obtained for the parallel adaptive analysis where
the iterativemesh migrationprocedureswere employed.The dashed
line corresponds to the parallel adaptive analysis where the re® ned
mesheswere repartitionedafter each adaptivestep using the parallel
IRB algorithm.

From the analysis of the ® rst two plots at the top of Fig. 7, it is
clear that themigrationproceduresimplementedin thiswork control
very effectively the surface-to-volume ratios, which in fact remain
constant and fairly similar to the ones obtained with the IRB par-
titioning for the whole simulation. On the other hand, the second
two plots of the same ® gure show that the number of neighbors of
each subdomain tends to increasewith the number of adaptive steps
performed. A more detailed analysis shows that in general each
subdomain is connected by a signi® cant amount of mesh entities
(vertices, faces, edges) only with a reduced number of neighbors,
whereas it shares a very limited numbers of mesh entities with the
other neighbors.We are investigatingways of removing such small

contactarea interconnectionsto achievea better controlon the num-
ber of neighbors.

The different partition statistics provided by the two rebalancing
algorithms and shown in the previous ® gure clearly have an impact
on the performance of the ¯ ow solver. For example, the ratio of
the wall clock timings for the ¯ ow solutions performed on the ® nal
adapted mesh was found to be 0.83, in favor of the repartitioning
algorithm. It should be pointed out that this is not an objective
measure of ef® ciency of the rebalancingstrategy, in the sense that it
dependson the algorithmused for the ¯ ow solution.On the contrary,
Smax, Sglob, Nmax , and Navrg are objective measures.

The two approacheswere also compared in terms of relativewall
clock timing cost. The repartitioning algorithm outperformed the
migration scheme at each adaptive step. The ratio of the iterative
migration to the rebalancing wall clock timings was found to be
4.07 at the ® rst level (131,000-tetrahedron mesh), 4.41 at the sec-
ond (223,499-tetrahedron mesh), and 2.21 at the third (388,837-
tetrahedron mesh).

These preliminary test results seem to indicate that the iterative
load migration scheme tends to be more computationallyexpensive
than the parallel IRB algorithm and at the same time does not yield
the same quality of the partitions, at least with the currently imple-
mented heuristics.However, it must not be forgotten that these tests
are certainlynot as exhaustiveas one might desire for ruling in favor
of one approach over the other. Moreover, it is clear that this result
is partially due to the low cost of the IRB partitioning,and compar-
ing the migration scheme with other more expensive partitioning
algorithms might lead to opposite conclusions. For example, if an
algorithm with better control over the number of neighbors could
be devised, then the migration scheme used in conjunction with a
high-quality initial partition (such as the one provided by a spectral
partitioning)could yield an overall better performancethan a repar-
titioning scheme. A more complete analysis of the relative merits
of the two approaches will be the subject of future work.

Conclusions
The major motivation for the development of automated adap-

tive techniques is their ability to effectively and accurately resolve
intricate features of the solution, such as those that characterize
the ¯ ow around rotors in hover and forward ¯ ight. Although the
idea of using such techniquesfor improving the simulationcapabil-
ities of rotary wing codes is certainly not new, our contribution is
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original in its effort to bridge adaptivitywith parallelism on MIMD
machines.

We have developed a methodology that, due to its generality,
is not restricted to the problems or the examples discussed in this
work. We have shown not only that can we accurately determine
the airloadsof hovering rotors in a variety of situationsbut also that
we can do it with ef® cient scalable parallel algorithms. The ® nal
aim of our efforts is the analysis of more complex rotary wing prob-
lems, such as forward ¯ ight with strong blade±vortex interactions
and aeroelastic coupled systems. We are con® dent that the adaptive
capabilities of the code will provide a viable tool for the accurate
numerical simulation of those effects, while the parallel algorithms
that support the analysis in all its phases will make these computa-
tions feasible with the resources offered by the current generation
of parallel computers.
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